Manifold schemes and foliations on the 2-torus and the Klein bottle. II  by Bouma, L.G. & Van Est, W.T.
MATHEMATICS
L. G. BOUMA AND W. T. VAN EST
Manifold schemes and foliations on the
2-torus and the Klein bottle. II
Communicated at the meeting of December 17, 1977
Mathematisch Instituut, Roetersstraat 15, Amsterdam 1004
Instituut voor Propedeuiische Wiskunde, Roetersstraat 15, Amsterdam 1004
10. CONVEXITY AND ACTIONS ON TREE-MANIFOLDS
As we pointed out before (§ 7) a tree-manifold need not be tame.
Therefore, in studying group actions on tree-manifolds in the general case,
the combinatorial method of the preceding sections is not applicable right
away. Since we are primarily interested in the action of finitely generated
groups G one might attempt to prove a priori that in such a case a G-tree-
manifold contains a tame G-tree-manifold, thus reducing the irreducible
case to a tame one. However we do not know such a proof, neither do
we know counter examples. This led us to a more direct approach for
which the simple combinatorial propositions of § 8 served us as a guiding
principle. Since those propositions are dealing with irreducible sub-
complexes and their uniqueness, one would like to define a suitable
analogue of irreducibility in the topological case. The notion of "irreducible
G-domain" will not do, since simple tame examples show already that
such an irreducible G-domain may not exist, mainly because an inter-
section of a decreasing collection of G-domains may not be a domain
anymore. However such an intersection will always be "convex" in a
sense to be defined. Hence one is led to consider convex G-sets and to
investigate whether for such sets one may establish propositions analogous
to those for the combinatorial case.
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10.1. CONVEXITY. Let B be a tree-manifold and p, rEB, p=l=r. The
open segment ( p , r) is defined to be the set of all g E B separating p and r,
i.e. such that p and r belong to different components of B - {g}. The
gE (p,r ) are said to be in betweenp and r, We put ( p , p) = 0 . Further-
more [P, r]= (p, r ) U {p, r} is called the segment determined by p and r;
[p, r )= (p, r) U {p}, ( p , r]= (p, r) U {r} are the halt open segments de-
termined by p and r.
Let p, g, r, s be a quadruple of different points. Since B - {s} consists
of two components, this shows that s separates exactly two or none of
the three pairs (P, g), (g, r), (p, r) . In formula
(*) [P, r] C [p, g] U [q, r] (and the formulae obtained by permuting
p, g, r)
(**) (p, g) n (g, r ) n ( p , r) = 0.
These formulae also hold if p, g, r are not all different.
A subset 0 of B is said to be convex if p, rEO implies [P, r] C O.
An intersection of a collection of convex sets is obviously convex. From
(*) it also follows that the union of convex sets with a point in common
is convex.
Let D be a domain. Then for any g E B-D, D belongs to a component
ofB- {g}. Hence no pair p, rE D is separated by g, i.e, (B -D) n ( p , r) =0,
or [p, r] CD. Hence any domain is convex. Therefore the intersection
of a collection of domains is also convex.
Conversely let 0 be convex, and p E O. Since for any r E C, [P, r] CO,
i.e. for any g E B - 0, g rt [p, r], we find that p and r belong to one corn-
ponent Uq,p of B - {q} . Keeping q fixed and varying r in 0 we see that
oC Uq,p. Hence 0 C nqEB-C Uq,p, and since g rt Uq,p we find that
0= nq£B-C Uq,p.
Hence any convex set is an intersection of domains and vice versa.
The same argument also yields that for any pair p, rEB, [p, r] =
= nqf[p,rl Uq,p. Hence a segment is an intersection of domains and
therefore convex.
From the convexity of [p, r] it follows that for g E [p, r] both [p, q]
and [q, r] C [p, r]. Hence by (*) and (**) it follows that
(***) q E [p, r] => [p, r] = [p, q] U [q, r]
[p, q] n [g, r] = {g}.
In particular it follows from (***) that given three different points
p, q, r at most one of the inclusions p E ( q, r), q E /». r), r E ( p , q) can
take place ; if none of these holds, we say that p, g, r is an extremal triple.
For any triple pi, P2, pa we shall put K p 1 = [PI, P2] n [PI, pa] and we define
K p 2 , K p 3 similarly by permuting 1, 2, 3 cyclically. Then (*) implies that
for i =1=j, [pi, Pj] = K p i u K pi , and (**) implies that
K pi n K p ; = K p 1 n K p 2 n K p 3 = [PI, P2] n [Pi, Pa] n [p2,Pa], (i =1= j),
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is non-empty iff for at least one permutation iI, iz, ia of 1, 2, 3 [Pip Pia] =
= [Pip Pi2] U [Piz' Pia], and in that case niK pi = {Piz}; the K pi are
mutually disjoint iff PI, P2, pa is an extremal triple.
From (***) one obtains for s E [q, r],
[p, r] = [p, q] U [q, s] U [s, r] and <p, q), <q, s), <s, r) are
pairwise disjoint.
From this one infers easily that [p, r]=[q, s] iff {p, r}={q, s}, Furthermore
this formula also yields the convexity of the open or half open segments
determined by p and r. Finally, the formula also shows that any segment
[p, r] can be ordered in a unique fashion so that p<"r, and such that
s-et ~ s E [p, t]. The orders with p<"r and with r.;;;;;,p respectively will be
called the natural orders.
If D is a domain, p, q, rED, then p and r belong to different components
of D- {q} iff they belong to different components of B-{q}. Hence the
notions of convexity and segment, defined relative D, are the same notions
as the corresponding ones in B "cut down" to D. In particular if D is an
open interval, the segment [p, r], for p, rED, is the closed subinterval
of D determined by p and r.
Finally, we observe that the notions of segment, convexity and the
derived notions are invariant under homeomorphisms.
The structure of segments is described in more detail by
PROPOSITION 10.1.1. For any pair p, rEB, the segment [p, r] consists
ot a finite number ot connected components each oi which is homeomorphic
to a compact real interval (possibly reduced to a single point). In particular
[p, r] is a compact Hausdorff space.
A natural order on [p, r] induces an order in the set ot components and
a natural order on each component separately, so that the natural order on
[p, r] is the lexicographical order with respect to the induced orders.
A point t E <p, r) which is an endpoint ot a component is a node in B.
A pair oi consecutive endpoints e, t such that <s, t) = 0 is a pair o] associate
nodes in B and vice versa.
PROOF. Assume first that B is a tame tree with N as set of nodes
and E as its branching tree. Let fJ: B --+ E be the map which sends a
node of B into the corresponding I-simplex of E, and any non-node s
into the vertex of E corresponding to the component of B - N containing s.
Let E' be the smallest closed subtree of E containing fJ(p) and fJ(r).
E' is then a simple polygon, B' =fJ-I(E') is a domain in B. The vertices
of E' may be indexed from 0 to n (say) in such a way that a pair of
consecutive vertices is carried by a l-simplex of E'. This means that the
components of B-N n B', which are copies of '8, may be labeled
'80, ..., '8n, such that '8i-1 and '8i are separated by exactly one node Si.
Every '8i is bounded by 2 nodes which may be situated at different ends
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of '6i, or at one end in which case they are associate. Furthermore p E'60
or P=S1, q E '6n or q=sn.
Since deleting a I-simplex in E' dissects E', we see that the nodes of
the set {S1' ... , Sn}- {p, q} separate p and q, that the points of an '6i
(1 <:i <:n - 1) bounded at different ends by nodes will also separate p
and q, whereas the points of the remaining '8j (1<i<n-I) do not separate
p and q. If p E'6o then also (p, Sl) C (p, q); if q E'lBn then (sn, q) C (p, q).
Hence, after having discarded the '6i bounded by a pair of associate nodes,
the remaining set consists of a finite number of mutually disjoint compact
real intervals. From this description the statement follows.
If B is not a tame tree, we can find, by the lemma below, a domain
D:) {p, r} which is tame, and by the remarks made before, we may
substitute D for B.
LEMMA. Any finite subset 8 C B is contained in a tame domain.
PROOF. Since any point of B has a neighbourhood which is an open
interval, and since B is connected, any pair of points is connectable by
a chain of intervals and therefore contained in a domain which is a finite
union of intervals. Therefore a finite set 8 is also contained in such a
domain and we have to prove that any domain D, which is a union of
finitely many open intervals Uc, is tame. Let a, bED be a pair of associate
nodes. Then a E U, and b E U, for some i, j. Since any neighbourhood of
a meets any neighbourhood of b, this implies that U, n U, oj:. 0, and
furthermore that a and b are adhering points of U; n Uj _ Neither of the
two belongs to U, n Uj, otherwise they would both belong to either Ui
or U, and could be separated by suitable neighbourhoods. Hence a and
b are boundary points of U, n U, in Ui, U, respectively.
Further, U, n U, is connected (otherwise there would exist a point in
tt, U tt, which does not dissect ti, U o, and hence neither B), i.e. o,n U,
is an open interval. Hence the pair Ui, Uj contains at most two pairs of
associate nodes a, b with a E Ili, b e Uj. Therefore there is only a finite
number of pairs of associate nodes in D, i.e. D is tame.
The proposition gives rise to
COROLLARY 1. A pair e, t E B, s=l=t, is a pair of associate nodes iff
[8, t] = {s, t}, i.e. iff (8, t) = O.
(One half of the statement follows from the proposition; the other half
follows by considering a pair of connected neighbourhoods Us, Ut of 8
and t, shrinking down to sand t, and considering Us U Ut-l
COROLLARY 2. For any subset 8 C [p, r] there is a unique minimal
segment [s, t] C [p, r] with 8 C [s, t]. If in addition 8 is convex then 8
coincides with one of the segments (closed, open, half open) determined by
sand t. Oonsequently if 8 is convex and p E 8, then 8' = [p, r]-8 is also
convex and at least 8 or 8' is compact (possibly both).
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The minimal segment [s, t] C [p, q] containing S C [P, q] will be called
the envelope of S relative [p, q]. Notice that the envelope of a set may
very well depend on the segment that we consider; e.g., if U is an open
interval bounded at one end by two associate nodes e, t, then for any
p E U the segments [P, s] and [p, t] are envelopes relative [p, s] and [p, t]
respectively of [P, s).
COROLLARY 3. If V is an open set containing a convex set 0, 0 is
contained in a component of V.
PROOF. Since B is locally connected, the components of V are open.
Let S = [P, q] be a segment of O. Any component St of S is contained in
some component V(Si) of V. Let the set of components of S be "naturally"
ordered, and Si, SHI be a pair of consecutive components; let Si, SHI be
the associate endpoints of St, Si+l respectively. Then V(Si) and V(Si+l) ,
being neighbourhoods of Si and SHl, intersect and hence coincide. Since
the set of components of S is a finite ordered set, S belongs to a component
of V. Therefore 0 belongs to a component of V.
COROLLARY 4. Let U be an open set, p E U, q E B - U. Then the endpoint
s of the envelope [p, s] of [p, q] (') U (relative [p, q]) is either a boundary
point of U, or [p, q]= [p, s] U [t, q] with t a boundary point of U and s
associate to t.
PROOF. Put 0 = Up (') [P, q] where Up is the component of U containing
p. Then 0 is convex and p E O. Hence [p, q]-O=[p, q] (') (B- Up) is
also convex and closed relative [p, q], hence compact. Therefore [p, q] - 0 =
= [t, q] for some t E [p, q]. If 0 is non-compact, it has t as boundary point;
therefore t is also boundary point of Up and hence of U. If 0 is compact,
then 0 = [P, s], with s, t associate nodes. Since Up is a neighbourhood of
s, any neighbourhood of t intersects Up, i.e, t is a boundary point of Up.
We note further from the proof of the proposition, that in a tame
domain B', containing p and q, any pair of associate nodes r, s of [p, q]
bounds a subdomain B;. of B'. Hence the pair r, s also bounds a domain
Br,s in B. Combined with the description of <p, q) given in the proof,
this yields
COROLLARY 5. <p, q) U U Br,s, where r, s runs through the (finite) col-
lection of pairs of associate nodes in [p, q], is a domain.
We are now in a position to describe the intersection of segments [p, q],
[q, r] and [p, r] for a triple p, q, r. In case one of the three separates the
other two or in case of coincidence, the intersections are described by (***).
In case of an extremal triple p, q, r we denote as before the pairwise
intersections of the segments by K p, K q, K r; the Kp,q,r are mutually
disjoint and each segment joining a pair from p, q, r is a union of two K's.
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PROPOSITION 10.1.2. At least two ot the three sets Kp,«,r are compact
segments. 8uppose that s; = [p, s], s, = [t, q], then [P, q]= [p, s] U [t, q],
where s, t is a pair ot associate nodes in [p, q].
PROOF. Since K p and K q are convex and mutually disjoint, and [p, q] =
=Kp u K q , p E K p, q E K q, we conclude by corollary 2 that K p or K q
is compact. In case K p is compact, consider [q, r] = K q U K», and apply
again corollary 2. Therefore at least two K's are compact.
Let s; = [P, s] and «,= [t, q]. Since s ¢ [t, q] and s E [p, q], it follows
that t E [s,q] and by (***) [P, q]= [p, s] U <s, t) U [t,q] is a decomposition
of [p, q] into mutually disjoint sets; since also [P, q]=Kp U K q , it follows
that <s, t)=0, and hence, by corollary 1, s, t is a pair of associate nodes.
A set 8 with 181:> 2 is said to be a cluster if for any pair S1,2 E 8,
<S1, S2) = 0.
If 8 is a cluster and T C 8, ITI:> 2, then T is a cluster.
If the clusters 8 and T have two points in common, then 8 U T is a
cluster. Indeed, if PI, P2, PI i= P2 are both in 8 n T, and s E 8, t E T, then
[s, t] C [s, Pi] U [Pi, t]= {s, pt} U {pi, t}, i = 1,2; since PI i=P2 it follows that
[s, t]= [s, t}, so <s, t) = 0. Hence any cluster is contained in a unique
maximal cluster.
Since an open interval can not contain a pair of associate nodes, it
follows immediately that a cluster is a closed discrete set.
In a simplicial tree there is a unique simple polygon connecting two
given disjoint subtrees; in particular the intersection points of the con-
necting polygon with the subtrees are uniquely determined. The analogue
for tree-manifolds is embodied in
PROPOSITION 10.1.3. Let 0 1, O2 be a disjoint pair at non-empty convex
sets. Let tor any pair q1, q2, qi E Oc. the point P(ql, q2) E [q1, q2] be such that
[ql, p(q1, q2)] is the envelope ot J(qI, q2) = 0 1 n [q1, q2]. Then P = {p(ql, q2)1
q, E Ot} consists ot a single point, or, it IPI:> 2, it is a cluster.
PROOF. For technical reasons we enlarge O2 to a maximal convex set
disjoint from 0 1 (since the union of convex sets :) O2 is convex, such a
maximal set exists). This will also enlarge the set P, and if the enlarged
P is a cluster, so is the original one (or it is a single point). Hence from
now on we assume that O2 is such a maximal set. This implies that if 0
is a convex set with 0 n 0 1 = 0, and 0 n O2 i= 0, then 0 C O2 (since 0 U O2
is convex and O2 maximal). In particular for any segment [qI, q2], qt E Ot,
the set [q1, q2] - J(q1, q2) is such a convex set, and hence CO2.
Now let ql E 01, q2, qa E O2. Put, as we did before, s, = [qt, qj] n [qi, qk],
i,j, k being a permutation of 1, 2, 3; [qi, qj]=Kt U s; Put J 1,t=J(q1, qt},
i = 2, 3, and put r,= [qI, q;J n O2:) [qI, qtJ n [q2, qa]= s; Since J 1,t and r;
are complementary in [ql, qt], it follows from s, C r. that J 1,tC K1,
and, since J1,t COl, also JI,t C K 1 n 01= [qI, q2] n [ql, qa] n 0 1=J1,2 n
n J 1,a C J 1,t. Hence we conclude that J 1,2=JI,a=K1 n 01, and we put
J1,2=J1,a=J1.
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Suppose first that P(q1, qz) E J 1; then JI = [ql, p(ql, qz)], and hence J 1
would be its own envelope irrespective of the particular segment in which
it is embedded. Therefore we would also have J 1= [ql, p(ql, qa)] and
consequently P(q1, qz)= P(q1, qa).
This permits us to state: The set P(q1, Oz)= {p(ql, qz)Iqz E 02} consists
either of a single point E 0 1, or P(q1, Oz) C Oz.
We first consider the case P(q1, Oz) C Oz, and we note that in this case
J 1 is non-compact.
If K 1 contains a point t E Oz, then [t, qz] C Oz (") [q1, qz]= J z; since J z
and J 1 are complementary in [q1, qz] this implies that J 1 C [q1, t] and
hence the envelope of J 1 (both relative [q1, qz] and relative [q1, qa]) is
contained in [ql, t], which implies that p(ql, qz)= P(q1, qa). Hence if, for
some qz, qa E Oe, P(q1, qa)=I=p(q1, qz), it follows that K 1C 0 1 and hence
J 1=K1 (") 0 1 =Kl, and consequently K 1is also non-compact. Since K z C Je,
and J a is complementary to J 1, K 1 (") K z= 0, and we are in the case of
an extremal triple q1, qz, qa. Hence Jz=Kz and Ja=Ka, and by proposition
10.1.2 it follows that P(q1, qz) and p(ql, qa) are associate.
Therefore if P(ql, Oz) C c« and if IP(q1, Oz)[;> 2, P(q1, Oz) is a cluster.
In any case P(ql, Oz) is a discrete closed set. This implies that V = B-
-P(q1, Oz) is open, P(q1, Oz) being the boundary of V. Since we assumed
that P(q1, Oz) C c-. we also have V:::> 0 1, and, by corollary 3, 0 1 is con-
tained in some component Vo of V.
Since a domain is convex, [ql, v] (") (boundary Vo)= °for any v E Vo,
and hence [q1, v] (") P(qI, Oz)= O. Consequently v 1= Oz, i.e. we see that
Oz r. Vo=0. Since Cz is a maximal convex set disjoint from 0 1, and
0 1 C Vo, we obtain thus that O2 is a maximal convex set disjoint from Fo.
Therefore for any segment [qo, q4], qo E 0 1 C Vo, q4 E o; o, and Vo cut
out complementary sets, and also O2 and 0 1 cut out complementary sets.
Therefore [qo, q4] r, Vo=J(qo, q4), which shows that P=P(Ol, Oz) C
C P(Vo, Oz).
Further J(q1, O2) (") Vo has every point of P(q1, O2) as boundary point,
hence P(q1, Oz) is the full boundary of Vo.
The statement about P in this case now follows from the lemma below.
Next we assume that for every qo E 0 1, P(qo, O2) consists of a single
point in 0 1. We put P(qi, O2 ) = pi, qi E 01, i = 0, 1. Choosing a fixed qz E Oz
we have P(qi, qz)= Pi. Putting as before J 2,i = [qi, q2] (") Oz, it follows from
what we have shown in the beginning (with the roles of O2 and 0 1 reversed),
that J 2,i is independent of the choice of qiE01 and we put JZ=Jz,i.
Putting s, = [qi, qz] (") [qi, q1-i], i = 0, 1, and s, = [qo, q2] (") [q1, qz], we have
as is shown before (interchanging the roles of O2 and 0 1), that J i:::> Ki,
i = 0, 1 and J z C K z. Suppose that t E s, (") 0 1, then [qi, qz] = [qi, t] V [t, qz]
and J i = [qi, t] V ([t, q2] (") 0 1). From this it follows that the envelope of
r; relative [qi, qz] is the union of [qi, t] and the envelope [t,8] of [t, q2] (") 0 1
relative [t, qz]' This would imply that for our choice of qo, q1 we have
P»= PI = 8. Hence if, for some choice of qo, q1 in 0 1,po =1= PI then K 2 (") 0 1 = 0,
332
and consequently J 2 = K 2 , which by the complementarity of J t and J z
and K, C J t , would imply that also Jt=Ki . Since J i n J z=0, we are again
in the case of an extremal triple qo, qi, qz and the associateness of po, PI
follows from proposition 10.1.2. This concludes the proof of our proposition.
We still have to prove
LEMMA. Let V be a domain, its boundary S being either a single point
or else a cluster. Let G be a set disjoint from V, then P( V, G) is a single
point or a cluster associaie to S.
PROOF. Corollary 4 shows that for any choice of qo E V, ql E B - V,
[qo, ql] n V is either non-compact and bounded by a boundary point of
V, or it is a segment [qo, s] with 8 associate to a boundary point. Hence
it is sufficient to prove the following statement: Let t be a boundary
point of V, then the set T C V U bdry V of the points associate with t
is a cluster associate to S.
Let ti, tz be two different points of T and s E S. Then we have:
[tl, tz] C [tt, t] u [t, tz] = {t, tl, tz}. Because t doesn't seperate tt and tz we
find: <tI, t2) = 0.
Furthermore [tI, s] C {t, e, tI}, and again t doesn't separate tl and s,
which proves our assertion. The associateness to S follows easily.
The analogues of the linear simplicial trees among the convex sets are
the linear convex sets. These are convex sets G such that for every triple
of different points of C one of the points separates the remaining pair.
We need the following
PROPOSITION 10.1.4. Let (ai), -K<.i<.N (K,N non negative integers
or (0) be a sequence such that at separates at-l and aHI, -K+ 1 <.i<.N-1.
Then A = u [ai, am] is linear. Furthermore A admits two orders each of
which induces a natural order on every segment [ai, aj]; (ai) is strictly monotone
in any of these orders; the set A ot components of A is at most countable
and each of the orders on A induces an order on A. Finally (U <aki' ani») V
U (U Br,s) is a domain; here kj -+- K and nj -+ N, r, s runs through the
collection of pairs of associate nodes in A, Br•s denotes the domain bounded
by r,8.
The proof consists in showing that [a-k' an] = U-k~i~n-l [ai, am] by
invoking the property that in a quadruple p, q, r, 8 the point seither
separates exactly two pairs of the remaining points or no pair at all.
Furthermore corollary 5 of prop. 10.1.1 is used.
10.2. GROUP ACTIONS. Let G be a group acting on the tree-manifold
B. A convex set C invariant under G is called a convex G-set; C is said
to be (G-) irreducible if it is non-empty and if it contains no proper convex
G-subset apart from 0. An irreducible C is said to be of trivial type if it
is either a single point, or a cluster of nodes, or a domain, otherwise it is
said to be of non-trivial type. The justification of this terminology is that
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it permits us to formulate later on proposition 10.2.2 as a complete parallel
to proposition 8.2. Note furthermore that an irreducible G-domain, i.e.
a non-empty domain containing no proper G-subdomain except 0, may
still contain irreducible convex proper G-subsets.
For any a E B the convex hull [Ga] of Ga is a convex G-set. Therefore,
if 0 is an irreducible convex G-set, 0= [Ga] for any a E O.
Further, if gl, ... , gn is a set of generators for G, the set F = U [a, gia]
is a fundamental region for [Ga] (the finiteness of the set of generators
is irrelevant for this). Indeed, [a, gia] C [Ga], and hence F C [Ga]. E is
convex (union of convex sets with a point in common). Put 1'1=1' U
u (U gil') U (U gi IF) and define recursively l'n+l = l'n U (Ui gil'n) U
U (Uigi-1Fn). Since gil', gi-1F contain p.c and a respectively, and hence
intersect 1', 1'1 is also convex, and similarly the l'nand U Fn are convex.
Therefore [Ga] ~ GF ~ [Ga]=O (by irreducibility) which shows that Fisa
fundamental region for O.
It is our purpose to prove the analogues of propositions 8.1 and 8.2,
although we could do with less for the case of abelian G which we are
going to discuss eventually. To this end we first prove
LEMMA 10.2.1. Let G be cyclic with generator g, and let a E B. Then
[a, gal contains a point e such that for any b e [a, gal either s E [b, gb] or
s E [g-lb, b].
PROOF: Let 0 be defined by gO= [a, ga] n g[a, ga]. The inclusion
gO C g[a, gal implies 0 C [a, gal. Since gO is convex and ga EgO, 0 is
convex and a E O.
The following cases will be discussed separately
A) 0 n gO=0 and ga E [a, g2a]
B) 0 n gO=0, ga ¢ [a, g2a]
C) 0 n gO#0.
A) Since ga E [a, g2a], we have by (**) in 10.1 that [a, g2a]= [a, gal U
U [ga, g2a] and [a,gal n [ga, g2a]= {ga}, i.e. 0= {a}. b e [a, gal implies that
gb E [ga, g2a], and therefore ga E [b, gb] i.e. a E [g-lb, b]. So we may take
s=a.
B) We claim that in this case a, ga, g2a is an extremal triple. Indeed:
a E [ga, g2a] would imply [a, ga] C g[a, ga] and hence gO= [ a, gal and
therefore 0 and gO would intersect. Similarly g2a E [a, gal would imply
[ga, g2a] = gO and 0 = [a, ga], again contradicting gO n 0 = 0; ga E [a, g2a]
is excluded by hypothesis.
Let again K a, K ga, Kg2a denote the pairwise intersection of the segments
determined by a, ga, g2a. Then gO=Kga. Since K a and Kga=gO are
complements in [a, gal, and 0 r. gO=0, it follows that 0 C K a. Finally
Kla= [ga, g2a]-Kga= [ga, g2a]-gO=g([a, ga]-O).
By prop. 10.1.2 at least two of the three sets K a, K ga, K g2a are compact
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segments. Hence we may assume that K a or else Kia is compact. Suppose
first that K a= [a, p], then we claim that we may take s=p. Indeed if
b E 0 then gb E gO= Kga= [a, ga]- K a and we find, since b E 0 C K a, that
p E [b, gb]. If b E tc.: 0 C [a, gal -0, then gb E g([a, gal-0) = s»; Since
K g2a= [a, g2a] -Ka= [a, g2a] - [a, p], o~e obtains again p E [b, gb]. If finally
bE [a, ga]-Ka=Kga=gO, then g-lb E 0 C K a, and p E [g-lb, b]. If K g2a=
=g([a, ga]-O) is compact say K g2a=[gp, g2a], then [a, ga]-O=[p, gal,
and by the same arguments it follows that we can take s=p.
C) Define
O+={XIXEO, gx¢[a,x]}
0_= {xix E 0, gx E [a, x]}.
{O+,O-} is a disjoint decomposition of O. 0+=0 would imply a E 0- or
ga=a, and we would have s=a.
We assume now a=/=ga in which case a E 0+. Let x E 0+, then gx ¢ [a, x]
and therefore gXE[x,ga] and [a,x]n[gx,ga]=0. YE[a,x] implies
gy E [gx, gal and hence in particular gy ¢ [a, y] (C [a, x]) and furthermore
[gy,ga]r'I[a,x]=0, [a,yJn[gx,ga]=0. This shows that ifxEO+, then
[a, x] C 0+, and therefore 0+ is convex. Since for any pair x, y E 0+,
[a, x] n [gy, ga]=0, it follows that 0+ n gO+=0. Since on the other hand,
by assumption, 0 n gO=/= 0, it follows that 0_ =/= 0.
Let [a, p] be the envelope of 0+ (relative [a, gal) and suppose first that
p ¢ 0+. Then by a simple argument it follows that p E 0_ and hence
g(p) E [a,p]. On the other hand gO+ C [a, ga]-O+=[p, gal Therefore,
since g[a, p] is the envelope of gC+ (relative Ega, g2a] and even relative
gO C [a, gaJ), it follows that g[a, p] C [p, gal, or gp E [P, ga]. Hence
gp E [a,p] n [P, ga]= {p}, i.e. gp = p. This shows that [a, ga] = [a, p) U
U {p} U (gp, gal, and it follows that we can take s=p.
If p E 0+ then one can easily show that p must be an endpoint of a
component of [a, gal and that (p, gal = [q, gal with q associate to p. Since
gq and gp are associate and gp E (p, gal, it follows immediately that gq=p
and gp=q, and s=p (or s=q).
As a consequence one obtains
COROLLARY 1. Let s be the point referred to in the preceding lemma,
then either gs E (s, g2S), or s=gs, or S=g2s ie associate to qs, or s, qs, g2s is
an associate triple of different points.
PROOF. By inspecting the construction of e it follows that s has the
property that
(*) for any bE [s,gs], the inclusion SE [g-lb, b] holds. Suppose that s=/=gs
and gs ¢ [s, g2sl Then inspecting the proof of the lemma (replacing a
by s) either case B) holds or case C). In the last case there would be an
s' E [s, gs] with s' =gs' or an s' E [s, gs] with S'=g2s' and gs' E [s, gs]. Since
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we assumed gs E [s, g2S], S'#s and the existence of s' would contradict (*).
Hence case B) holds, i.e. s, gs, g2s is an extremal triple. However in that
case <s, gs)#0 would lead to the existence of an s' rf= <s, gs) such that
gs E [s', gs'] again contradicting (*). Hence we are left with the case that
s, gs, g2s is an extremal triple and [s, gs]= {s, gs}, and as a consequence
[gs, g2S]= {gs, g2S} and
[s, g2S] = ([s, gs] U [gs, g2S]) - ([s, gs] n [gs, g2S]) = {s, g2S},
i.e. s, gs, g2s is a cluster.
COROLLARY 2. For a cyclic group G and any a E B, the convex G-set
[Ga] contains a unique minimal convex G-subset, viz.
n [Gp]= n [Gp].
PE [Gal PE [a,oal
PROOF. Since [a, ga] (g=generator of G) is a fundamental region for
[Ga], for any p E [Ga] the orbit Gp coincides with Gp' for some p' E [a, ga].
Taking the point s from the lemma we see that s E [Gp'] and hence
[Gs] C [Gp'] = [Gp].
The analogues of proposition 8.1 and 8.2 are
PROPOSITION 10.2.1. If G is finitely generated, then B contains an
irreducible convex G-set.
PROPOSITION 10.2.2. Let 0 be an irreducible convex G-set. If 0 is of
trivial type, every irreducible convex G-set is of trivial type, in other words,
if 0 is non-trivial, then 0 is the only irreducible convex G-set.
PROOF (prop. 10.2.1): Let gl, ... , gn be a set of generators of G, Gi the
cyclic group generated by gi, and a E B. Let Si E [a, gia] such that St E [Gib]
for any bE [a, gia] (see preceding lemma). As we observed before,
F= Ui [a, gia] is a fundamental region for [Ga]. Therefore a non-empty
convex G-subset 0 C [Ga] will contain some bE [a, gia] for some i. Hence
Si E [Gib] C [Gb] CO, which shows that Sc = 0 n {si, ... , Sn} # O. If 0 1 CO2,
then SCI C SC2' Therefore, choosing 0 such that Sc is minimal, it follows
that [GS c] C [GO] = 0 is a minimal non-empty convex G-subset of 0, i.e.
[GSc] is irreducible.
PROOF (prop. 10.2.2): Let 0 1, O2 be irreducible convex G-sets. If
01#02 , then, by irreducibility, 0 1 n O2 =O. By proposition 10.1.3
P(Ol, O2 ) is a single point or a cluster uniquely determined by 0 1, O2 .
P(Ol, O2 ) as a single point or a cluster is convex and in addition G-invariant
because 0 1 , O2 are G-sets. Consequently Q=P(Ol, O2 ) n 0 1 is a convex
G-set. Therefore, if Q # 0, 0 1 = Q by irreducibility. Suppose that Q = 0,
then every p E P(Ol, O2 ) is a boundary point of 0 1• The component V
of B-P(Ol, O2 ) containing 0 1 is also G-invariant. Let p E P(Ol, O2 ) and
let U be an open interval containing p. Then V n U is an open interval
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bounded by p. Since p is a boundary point of 01, V (') U (') 0 1 is a non-
empty convex subset C V (') U bounded by p. Therefore V (') U (') 0 1
contains an open interval J which is bounded by p. Consequently gJ is
an open interval C g(V (') U)= V (') gU bounded by gp E P(Ol, O2), and
hence also by every q E P(Ol, O2 ) , therefore also by p. This implies in
conjunction with gJ C V and J C V, that gJ (') J is non-empty. Therefore
D= UgEG gJ is a non-empty G-invariant domain in 0 1, and hence 0 1 =D,
i.e. 0 1 is of trivial type.
As an analogue of theorem 8.1 one obtains
THEOREM 10.2.1. Let G be a finitely generated abelian group and 0 an
irreducible convex G-set. Then 0 is of one of the types (i)-(iv) below.
(i) 0 is a single G-fixpoint.
(ii) 0 is a cluster on which G operates transitively.
(iii) 0 ~ '6.
(iv) 0 is a non-connected linear set; G acts on the set (} of components as
a group of translations, i.e. (} may be put in convexity preserving 1 - 1
correspondence with Z, such that the action of G on (} corresponds with
an action of G on Z by translations.
PROOF. We first consider the case of cyclic G. The general case will
follow from lemma 10.2.2 below.
Since by irreducibility of 0, 0 = [Ga] for any a E 0, we may as well
assume that a has the properties of the point s in corollary 1 of lemma
10.2.1. Since the cases s=gs, and g2S=S associate to qs, subsume to (i)
and (ii) in the statement above, we have to examine only the case
gs E <s, g2S) and the case that e, gs, g2s is a cluster of different points.
In the last case the cluster qe, g2s, g3s has two points in common with
the cluster s, gs, g2s, and therefore their union is a cluster; by induction
one shows that Gs is a cluster.
If gs E [s, g2S], s#gs, then the sequence (sn=gns) has the property that
Sn separates Sn-1 and Sn+1. Therefore, by proposition 10.1.4, the set
0= Un [sn, Sn+1] is a linear set. If it is connected it is ~ '6 and G acts
freely. In any case, since gSn = Sn+l, G acts effectively and order preserving
on the set o of components of 0, if 0 is non-connected. Putting (} in a
1 - 1 convexity preserving correspondence with Z, G corresponds to a
translation group on Z. This finishes the proof for cyclic G.
The proof for the general case proceeds by induction with respect to
the number of generators using
LEMMA 10.2.2. Let G be abelian, He G be a finitely generated subgroup,
and g E G be such that G = H . I', where r is the cyclic group generated by g.
Then one of the following statements holds:
(i) There is an H-irreducible convex subset which is G-invariant.
(ii) There is a G-cluster.
(iii) There is a r-irreducible convex set which is H-invariant.
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PROOF. Since H is finitely generated, there is an H-irreducible convex
subset E. By the commutativity of G, gE is again H-irreducible and
therefore gE = E, in which case (i) holds, or gE n E = O. In the last case
P(E, gE) (see prop. 10.1.3) is H-invariant, and contains therefore an
H-irreducible set Q which is a fixpoint or a cluster. Again it follows that
gQ=Q, which subsumes to (ii) (and (i)), or gQ n Q=0, which we shall
assume from now on.
From lemma 10.2.3 (below) it follows that if J = nqE Q [q, gq] = 0, then
Q, gQ, and Q U gQ are clusters; if J =1=O, then either Q consists of a single
point q and J = [q, gq], or else J =<q, gq) for every q E Q.
If Q, gQ and Q U gQ are clusters it follows that gQ U g2Q=g(Q U gQ)
is a cluster and since gQC (Q u gQ) n (gQ u g2Q), it follows that Q U gQ U
U g2Q is a cluster; by induction one establishes that rQ is a cluster which
is, of course, also H-invariant, and therefore also G-invariant.
If J =1=O, it follows that J is a non-empty convex H-set. Taking q E Q,
the minimal convex r-set Me [rq] equals nrPEggj [rp] (lemma 10.2.1
corollary 2). Since for every p E [q, gq], automatically [rp] C [rq], M may
be represented as nPEJ [rp]. Since J is H-invariant, it follows that M
is an H-invariant irreducible r-set.
There still remains to establish
LEMMA 10.2.3. Let Q and Q' be irreducible disjoint H-clusters. Then for
any choice ql, q2 E Q, q;, q~ E Q', the equality <ql, q;) = <q2, q~) holds. In
particular if <ql, q;) = 0, then Q U Q' is a cluster.
PROOF. Let Sand T be disjoint clusters, and let p E <s, t) for some
s E S, t E T. Since no pair of points from a cluster can be separated,
S - {p} (T - {p}) belongs to the component of B - {p} which contains s(t).
Hence for any choice s' E S - {p}, t' E T - {p},P E <8/, t') holds. Consequently,
if there is no pES U T with the property that p E <s, t) for some e E S,
t E T, then the open segment <s, t) is independent of the choice s E Sand
t e T.
IfpES is such that p E <s, t) for some s E S, t E T, then by the preceding
remarks, for any p' E S - {p}, the relation p E <p', t) holds, and therefore
p' E c». t) does not hold. In other words a point pES with the mentioned
property is uniquely determined.
Considering that Q and Q' are irreducible disjoint H -clusters it follows
that Q and Q' are H-orbits of cardinality :>2. A point p E Q (p E Q'),
which would separate some q E Q and q' E Q' would by its uniqueness
be a fixpoint, which contradicts the assumption on Q, Q'. Therefore by
the above remarks <q, q') is independent of the choice of q E Q, q' E Q'.
(To be continued)
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